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ABSTRACT 

— )  Y  T 

A  new  cone-ratio  Data  Envelopment  Analysis  model  which 
substantially  generalizes  the  CCR  model  and  the  Charnes-Cooper 
Thrall  approach  characterizing  its  efficiency  classes  is  herein 
developed  and  studied.  It  allows  for  infinitely  many  DMU's  and 
arbitrary  closed  convex  cones  for  the  virtual  multipliers  as  well  as 
the  cone  of  positivity  of  the  vectors  involved.  Generalizations  of 
linear  programming  and  polar  cone  dualizations  are  the  analytical 
vehicles  employed. . 
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I.  Introduction 


We  develop  the  following  new  “cone-ratio"  DEA  mode!  which  substantially  generalizes 
the  CCR  model  13]  as  well  as  the  approach  of  Charnes,  Cooper  and  Thrall  [8]  to  characterizing 
its  efficiency  classes; 

(V  *  0,  U  *  0) 

Int  V  *  0. 

Int  U  *  0. 

€  -  K*.  J  =  1 .....  n. 

where  K*  ’  {k  I  kkiO,  v  k  e  K)  Is  the  "polar  cone"  of  the  set  K. 

X=  [X|, . . xn)  is  an  m  x  n  matrix. 

Y  =  [y  | ynI  Is  an  s  x  n  matrix. 

Xj  is  the  input  vector  of  DMUj,  Xj  €  Int  (-V*). 
yj  is  the  output  vector  of  DMUj,  yj  €  Int  (-U*). 

We  shall  require  the  following  facts  about  acute  cones.  Cone  U  is  said  to  be  an  "acute" 
cone  If  there  exists  an  open  half-space 
H  =  {u:  aTu  >  0} 

such  thatUc  H  U  (0),  where  U  Is  the  closure  of  U.  It  is  easy  to  prove  the  following  results 

(I)  Int  U*  *  0  If  and  only  If  U  Is  an  acute  cone  (See  [  1 3]). 

(II)  When  V  Is  an  acute  cone,  Int  V"  =  {v:  vTv  <  0,  Vv  e  V,  v  *  0}  (See  [  1 3]). 

(III)  When  V  Is  a  closed  convex  cone  and  Int  V  *  0,  VTI  (-V*)  =  (0). 


Max  uTyj0  /  vTxj0 
(C2WH)  J  s.t.  v^X  -  uT  Y  €  K 
v  e  V,  u  €  U, 


where 


V  c  E*m  Is  a  closed  convex  cone,  and 
U  c  E*s  Is  a  closed  convex  cone,  and 
K  c  En  is  a  closed  convex  cone,  and 


6j  =  (0,  .  .  .,  O.J,  0 . 0)T 

J 
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In  Fact,  since  (V*)"  -  V  and  Int  V  *  0,  V"  Is  an  acute  cone.  Hence  there  exists  an  open 

half-space  H  -  {u:  aTu  >  0}  such  that 
V"  c  H  U  {0} 

Namely 

aTy*  >  0  for  all  nonzero  v*  €  v",  ( l ) 

So 

aTp"  <  0  for  all  nonzero  jj"  g-  V*.  (2) 

Combining  ( l )  and  (2),  we  have 
V"  fl  (-v“>  =  (0). 

Wc  can  get  v*’x j0  >  0  from  Xj0  g  Int  (-V*)  and  v  e  V,  v  *0. 

Employing  the  Charncs-Cooper  transformation  of  fractional  programming  (2), 
w  =  tv,  p  =  tu,  tv'Xj0  *  I 

we  obtain  the  following  pair  of  dual  convex  programs  as  In  Den-lsrael,  Charncs  and  Kortanck 
[  I2J: 

Vp  =  max  p'yj0 

( P)  s.t.  wTX  -  pT  Yg  K, 
wTxJO  -  I, 

W  €  V,  p  G  U. 
and 

vD  =  min  0 

(D)  s.t.  XX-0Xjog  V", 

-YX  +  yJO€U", 

X  g  -K* 

Since  6j  e  -  KM,  we  can  get  Kc  E„n.  Therefore 
vp  -  max  pTyj0  s  wTxj0  =  1. 

Definition  1;  DMUj0  Is  said  to  be  "DEA-efftclent"  If  there  exists  an  optimal  solution  (w°,  p°) 
of  program  (P)  such  that 
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MoTyj0  *  1 
and 

w°  e  Int  V,  p°  e  Int  U. 

Definition  2:  DMUj0  Is  said  to  be  "weak  DEA-efflctent“  if  there  exists  an  optimal  solution 
(w°,  p°)  of  program  (P)  such  that 

M0lyj0  =  1 

The  pair  of  dual  programming  problems  (P)  and  (D)  constitute  a  model  in  which  convex 
cones  are  used  to  measure  the  efficiency  of  DMU's  (In  the  appendix,  we  present  the  dual  theorem 
concerning  the  dual  programming  problems  (P)  and  CD). )  In  this  paper,  we  establish  the 
equivalence  of  DEA  efficient  solutions  and  nondomlnatcd  solutions  of  multiobjcctivc 
programming  (VP)  (see  section  2).  We  also  discuss  the  "projection"  of  decision  making  units 
onto  the  efficiency  surface  and  the  existence  of  DEA  efficiency  of  DMUs  (see  section  3). 

Let  V  -  E*m,  U  »  E*s  and  K  »  E«.n.  The  pair  (P)  and  (D)  Is  then  the  CCR  model  {3] 

VP|  “"lax  PTyjo 

( P  I  )•<  s  t.  wTX  -  ply  i  o, 
wTxj0  -  i. 

w.piO. 

and 
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JVP2  -  max  pTyJO 

S.t.  W^-jiTYiO, 

wTxJO-  l 
W  €  V,  p  €  U. 

V. 

r 

VD2  =  min  6 

<D2)<st.  XX-  0xlo6  V*. 


~YX  ♦  yjo  €  U*. 

XiO. 

In  (P2),  the  more  general  conditions  w  e  V,  p  e  U  replace  the  non-negativity  conditions  of  the 
CCR  model. 

If  we  set  V  =  E*m,  U  *  E„s,  we  get  the  pair  (P)  and  (D)  as 

f 

Vp3  «  max  pTyjo 
(P3Xs.t.  wTX-pTY€K, 
w'xj0  -  I, 

...  w,  p  i  0. 


vD3  -  min  Q 

(D3  )<  s.t.  XX-0xjosO, 

-VX  +  yJo  s  0, 

X  € 

In  (D3),  we  have  X  €  -K*  which  replaces  and  generalizes  the  conical  hull  conditions  about  the 
production  possibility  set  In  the  CCR  model  [6]. 
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2.  DEA  Efficiency  (or  Weak  DEA  Efficiency)  and  Nondomlnated 
Solutions  of  Multiobjective  Programming  Problems 
Consider  the  multlobjecttve  programming  problem 

v  -  mtn  (f,  (x,  y),  .  .  .  ,  fm  (x,  y),  fm„,  (x,y) . fm+s  (x,y)) 

(Vp)< 

ks.t.  (x,  y)  e  T 

where 

T  =  {(x,  y)  :  (x,  y)  e  (XX,  YX)  ♦  (-V“,  U"),  X  e  -  K*} 

Is  the  production  possibility  set  (It  is  easy  to  show  that  T  Is  a  convex  cone)  Also 

{xk,  kksm, 

-yk.m,  m+lsksm  +  s 

as  in  C2G52,  where 

x  =  (x, - xk - xm)^ 

y  ’  (y, - yr.  •  •  .  ys)r- 

Since  6j  c  -  «*,  we  have  the  Input-output  vector  pairs  (Xj,  yj)  e  T,  j  -  i . n 

Let 

f(x,  y)  =  (f,  (x,  y).  .  ,  fm  +  s(x,  y))T. 

Definition  3;  (xj0  yj0)  e  T  is  said  to  be  a  nondomlnated  solution  of  the  (VP)  associated 

with  V"  x  U*  if  there  exists  no  (x,  y)  e  T  such  that 

f(x,  y)  c  f  (xj0,  yJO)  ♦  (V*,  U"),  (x,  y)  *  (xj0,  yj0) 

Namely,  there  exists  no  (x,  y)  e  T  such  that 

(x,  -y)  e  (xJO,  -yj0)  ♦  (V*,  UB),  (x,  y)  *  (xj0,  yj0) 

Definition  4  (Xj0,  yj0)  e  T  is  said  to  be  a  nondomlnated  solution  of  (VP)  associated  with 

int  V*  x  Int  U*  If  there  exists  no  (x,  y)  e  T  such  that 
f(x,  y)  c  f(xJO,  yj0)  ♦  (Int  V",  Int  U") 

Namely,  there  exists  no  (x,  y)  e  T  such  that 

(x,  -y)  e  (x jg,  -yj0)  ♦  (Int  V",  Int  U*) 


In  this  section,  we  will  study  the  relations  between  DEA  efficiency  (or  weak  DEA 
efficiency)  of  DMU's  and  nondomlnated  solutions  of  (VP)  associated  with  V*  x  U*  (or 
Int  V“  x  Int  U*>. 

Let 

S  -  {(Xj,  yj),  j  =  I,  ....  n) 

S  =  {(XX,  YX):  X  e  -  K*} 

T  =  {(x,  y)  ;  (x,  y)  e  (XX,  YX)  ♦  (-V*,  U“),  X  €  -K*} 

Lemma  I.  Let  (w°,  y°)  be  an  optimal  solution  of  (P),  and  yoTyj0  =1.  Then  for  an 

arbitrary  (x,  y)  e  T  we  have 

woi x  -  y°ly  i  0  =  w0,Xj0  -  poT y j0. 

Proof:  Since  yoTyj0  =  I ,  we  have 

w°TXj0  -  y°TyJO  =  0 

For  an  arbitrary  (x,  y)  €  5  there  exists  X  e  -K*  such  that 
(x,  y)  -  (XX,  YX) 

Since  w0,X  -  yoTY  €  K,  then  we  get 

woTx  -  jjoTy  =  W°TXX  -  yoTYX  =  (woTX  -  yoTY)  X  >  0. 

For  an  arbitrary  (x,  y)  e  T,  there  exists  X  e  -K*,  v"  e  -  V*.  u*  c  -U*  such 
that 

(x,  y)  =  (XX  +  v",  YX  -  u") 

So 

woTx  -  yoTy  =  woT(XX  +  v")  -  yoT(YX  -  u*) 

=  (woTX  -  yoTY)X  ♦  woTv*  +  yoTu*  2  0. 

Q.E.D. 

Theorem  I  Let  DMUj0  be  DEA  efficient.  Then  (Xj0,  yj0)  Is  a  nondomlnated  solution  of 
(VP)  associated  with  V*  x  U*. 
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Proof:  If  (x j0,  y j0)  Is  not  a  nondomtnated  solution  of  (VP)  associated  with  V*  x  U", 

then  there  exists  (x,  y)  e  T  such  that 

(x,  -y)  e  (x j0,  -yj0)  ♦  (V*,  U"),  (x,  y)  *  (xj0,  yj0) 

that  Is,  there  exists  (v*.  u")  e  (v",  ll"),  (v",  u*)  *  0  such  that 
(x,  -y)  =  (xJO,  -yj0)  ♦  (v*,  u") 

Since  DMUj0  Is  DEA  efficient,  there  exists  an  optimal  solution 
(w°,  (j°)  €  Int  V  x  Int  U  such  that 

PoTyjo=  ' 

We  have 

wolx  -  p0[y 

-  (woTXj0  -  p0,yj0)  +  (woTv*  ♦  p0lu*) 

<  w°>xj0  -  p°ryj0 

as  we  shall  see.  For  consldes  (v*1,  u"T )  *  0  and  without  loss  of  generality,  suppose 
v*  *  0.  Since  w°  e  Int  V,  v*  e  v"  and  V  Is  acute,  we  have  w°>  v*  <  0,  po1  u*  s  0,  which 
suffices. 

Cut  by  Lemma  I ,  we  have 

woTx  -  p°ry2  woTxjo  -  poTyj0 

.  a  contradiction. 


Q.F.D 


Theorem  2.  Let  (Xj0,  yj0)  be  a  nondomlnated  solution  of  (VP)  associated  with  v*  x  U* 
and  let  Assumption  (A)  hold  (see  Appendix).  Then  DMUj0  Is  DEA  efficient. 

Proof:  Since  ScT,  the  following  system  (I)  Is  inconsistent: 

r 

(XX,  -YX)  e  (xj0,  -yJO)  ♦  (V",  U"),  (XX.  YX)  *  (xj0.  yj0) 

(!)  S 

X  €  -  K* 

Now  let  us  consider  the  pair  of  dual  programming  problems 
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(P) 


r 

<  s.t. 


*  min  (wTXj0  -  pTyj0) 
wTX  -  pTY  e  K, 


w  -  t  e  V, 
|i  -  t  e  U. 


and 


r 


Vq  =  max  (trs~  ♦  rrs+) 

( D)  ^  s.t.  XX  -  Xj0  ♦  s“  =  0, 

-YX  ♦  yj0  ♦  s+  -  0, 

X  c  -  K  ,  S  c-V.sc-U. 
where  t  c  Int  V,  t  c  Int  U. 

First,  we  want  to  show  Vq  -  0  For  an  arbitrary  feasible  solution  (X,  s_,  s+ )  of 


(D),  since  s  c  -V*,  t  c  Int  V,  s+  e  -U*,  t  c  Int  U,  then 
t>5'  2  0,  trS+  2  0, 

so  Vq  2  0.  If  Vq  >  0,  namely  there  exists  an  optimal  solution  (X°,  s°~,  s°4 )  of  (D),  such 


that 


Vq  -  tTs°  +  tTs0+  >  0, 


then  we  have 

(XX0,  -YX°)=(xj0,  -yjc)*(-s0_,-s0+),  (-s°-,-s0+)G(v*,  U*),  (s°~,  s°4)  r  0 

This  yields  a  contradiction  because  (I )  Is  Inconsistent. 

Dy  the  dual  theorem  (see  Appendix,  Th.  3),  we  have  Vp  =  0 

Secondly,  let  (w,  p)  be  an  optimal  solution  of  (P),  and  let 

w°  =  w/wTXj0  ,  y°  =  y/wTXj0 


9 


Then  we  have 

w°TxJO  -  M°Tyjo  -  I, 
woTX  -  yoTy  e  k 

w°€t/wTxj0*  V  c  Int  V  (since  t  e  Int  V) 

M°  c  r  /  wTxJ0  ♦  U  c  Int  U  (since  t  e  Int  U) 

Namely, 

max  M'y,o  •  M0ly)0  *  I. 

w° i x  -  (joIv  c  K, 
w°>x)0  -  I 

w°  c  Int  V,  p°  c  Int  U 
So  DMU,0  Is  DEA  efficient 

Q  E  D. 

Theorem  3  Let  DMUj0  be  weak  DEA  efficient  Then  (Xj0,  y j0)  Is  a  nondomlnatcd 
solution  of  (VP)  associated  with  Int  v*  x  Int  U* 

Its  proof  Is  similar  to  Theorem  l 

Theorem  4  Let  (xj0,  y,0)  be  a  nondomlnatcd  solution  of  (VP)  associated  with  Int  V*  x  Int  U*, 
and  Assumption  (D)  hold  (see  Appendix)  Then  DMUJ0  Is  weak  DEA  efficient 
prooT  Since  (xj0  yj0)  Is  a  nor.domlnated  solution  of  (VP)  associated  with 

Int  v*  x  Int  u“,  then  the  following  system  (II)  is  Inconsistent 

f  (XX,  -YX)  e  (Xj0,-yj0)  ♦  (Int  V",  Int  u" ) 

(IDS 

I  X  c  -  K" 
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Consider  the  pair  of  dual  programming  problems 
^Vp  -  min  (wTXj0  -  pTyJo) 

s.t.  wTX  -  pTY  e  K, 
w  -  v  e  V, 

(P)-S  p-ueU, 

rTv  +  tTu  =  I, 

V  G  V,  U  €  U. 
and 

Vq  =  max  z 

s.t.  XX  -  Xj0  ♦  s'  =  0, 

(D)<  -YX  +  yj0  ♦  s+  =  0, 

zt  -  s'  g  V*, 
zt  -  s+  c  U*, 

X  e  -  K,  s'  g  -  V*,  s+  c  -  U* 
where  t  g  Int  V,  t  g  Int  U. 

Since  6j  g  -  K*.  j  =  I , . . . ,  n,  then 
(X,  s',  s+,  z)  =  (6 j0.  0,  0,  0) 

is  a  feasible  solution  of  (D),  and 
Vq  =  max  ziO. 

First,  we  have  to  show  Vq  =  0,  If  Vq  >  0,  there  exists  an  optimal  solution 

(X°,  s°",  s0+,  z°)  of  (6)  such  that 
Vq  =  max  z  =  z°  >  0. 

Since  V  c  E*m,  then 


Int  V*  =  {w:  wTv  <  0,  Vv  e  V  and  v  *  0). 
Because  of  z°t  >  0,  we  have 

(-z°t)Tv  <  0,  for  all  v  g  v  and  v  *  0. 


So 


-z°t  e  Int  V*. 
Similarly  we  can  show 
-z°i  e  Int  U*. 
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Hence  we  have 

-s°"  e  v"  -  z°t  c  Int  V", 

-s°*  e  u*  -  z°t  c  Int  u". 

This  yields  a  contradiction  because  (ID  Is  Inconsistent. 

Dy  the  dual  theorem  (see  Appendix,  Th.  4),  we  have  Vp  =  V5  »  0. 

Secondly,  let  (w,  p,  v,  u)  be  an  optimal  solution  of  (P).  then  we  have 
w  €  v  ♦  V  c  V, 
p  e  u  +  U  c  u. 

Since 

w  >  v  ♦  v"",  v*"  €  V 

p  =  u*u"",  u**  €  u 

we  have 

tTw  ♦  tTp  =  (tTv  ♦  tTu)  ♦  (tV  ♦  tTu**)  1  1 
So  (w,  p)  *  0.  Since  Vp  -  V5  =  0,  then  we  get 
wTxJO  =  pTyj0. 

Therefore  w  *  0,  p  *  0.  Let 

w°=w/wTXj0  ,  p0  =  p/wTXjo 

we  have 

PoTyjo  "  woTxjo  -  I, 
woTX  -  poTY  e  K, 
w°  e  v  /  wTXj0  +  V  c  V 

p°  e  u  /  wTXj0  ♦  U  c  U 
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where  t  c  Int  V,  t  e  Int  U 

Suppose  (X°,  s°",  s0*)  Is  an  optimal  solution  of  (PJ°).  Let 
x  =  XX°  =  Xj0  -  s0_, 
y  -  yx°  -  yj0  +  s0+. 

We  call  (x,  y)  the  "projection"  of  DMUj0  onto  the  efficiency  "surface"  of  the  production 
function  (see  (4),  p  70). 

it  Is  obvious  that  (x,  y)  e  T.  Since  yj0  e  Int  (-U*),  s0+  e  -  u",  we  have 
y  ■  yj0  ♦  s0+  €  mt  <-u*). 

Decause  0  i  Int  (-U*),  then  we  get  y*0.  Therefore  (x,  y)  *  0 

Theorem  5.  The  projection  (x,  y)  of  DMUj0  Is  a  nondomlnated  solution  of  the  (VP) 

associated  with  V*  x  U*. 
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Proof.  Suppose  (x,  y)  Is  net  a  nondomlnated  solution  of  (VP)  associated  with  V*  x  u". 
Then  there  exists  (x,  y)  €  T  and(v,  u)e  (V*.  U*)  such  that 
(x,  y)  =  (x,  y)  +  (v,  u)  ,  (v,  u)  *  0 

Since  (x,  y)  e  T,  there  exists  X  e  -  K*  and  (v,  u)  e  (V*,  U*) 

such  that 

(x,  y)  =  (XX,  YX)  ♦  (-v,  u) 

So  we  have 

(XX,  -YX)  *  (x,  -y)  ♦  (v  +  v,  u  ♦  u)  e  (x,-y)  ♦  (V*,  u")  ( l ) 

and 

(v  +  v.  u  *  u)  *  0  (2) 

(In  fact,  If  (v  +  v,  u  ♦  u)  =  0,  we  would  have  (v,  u)  =  (v,  -u)  e  (V**,  U*) 

Since  (v,  u)  *  0,  without  loss  of  generality,  let  v  *  0.  Then  we  have  v  =  -v  e  v*.  This 
yields  a  contradiction  to  V*  fl  (-V*)  =  (0)). 

Let 

v*  =  v*ue  V",  u*  =  u  +  u  €  U*. 

By  ( l )  and  (2),  we  have 

(XX,  -YX)  =  (x,  -y)  ♦  (v*,  u"),  (v“,  u")  *  0 

so 

XX  -  X  ♦  V*  -  xJO  -  s°-  ♦  v*. 

-YX  -  -y  ♦  U*  -  -yj0  -  s<5+  ♦  u*- 

Then  weget 

XX  ♦  (s0_  -  v">  =  Xj0, 
i-YX  ♦  (s0+  -  u")  -  -yJO, 

^  X  €  -  K*,  S°~  -  V*  €  -  V*,  s0+  -  U**  €  -  U*. 

Further,  since  t  e  Int  V,  v*  €  v",  t  €  Int  U,  u*  e  u",  we  have 
tV  i  0,  tTu*  s  0. 


We  know  that  (v*,  u")  *  0,  so 
tTv*  +  tTu*  <  0. 


14 


Thus 

tT(S0-  -  v*)+  iT(S0*  -  U*) 

=  (tTs0_  ♦  tTs0+)  -  (tTv*  +  tV) 

>  tTS°-  +  t^S0*. 

This  contradicts  the  fact  that  (X°,  s0-,  s0+)  is  an  optimal  solution  of  (Pj°).  Thus  (x,  y) 
is  a  nondomlnated  solution  of  (VP)  associated  with  V*  x  U* 


Q.E.D. 

Corollary  I.  Let 

<xn*|.  ynM5  "  y) 

where  (x,  y)  Is  the  projection  of  DMUj0.  Then  DMUn* )  Is  DEA  efficient. 

Proof:  By  Theorem  I  and  Theorem  2,  DEA  efficiency  and  nondomlnated  solution  of  (VP) 
arc  equivalent  properties. 


Q.E.D. 


Theorem  6  Suppose 

(I)  For  arbitrary  X  =  (X,,  X2,  .  Xn)T  e  "  K*<  wc  havc 

XjV"  c  V*,  XjU*  c  U*,  J  -  |,  2 _ n. 

where 

XjV"  =  {XjV**  :  v*  €  V"},  XjUM  =  {XjU**  :  U*  €  U">. 

(II)  For  arbitrary  X1  -  (X j X2(,  . .  . ,  Xn')T  €  -  K*.  1  =  0,  I , . .  .  ,  n, 


we  have 

/  n 

(X’,  X2 _ Xn)  X°  =1  I  X |kXk°, 


n 

I 

k=  1 


*2kV . Z  Xnkv)c-K** 

k=l  / 


Then  there  exists  at  least  one  DMUj0  (I  s  J0  s  n)  which  is  DEA  efficient. 
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Proof:  By  Theorem  1  and  Theorem  2,  It  Is  only  necessary  to  show  that  there  exists  some 
(xj0,  yj0)  €  S  such  that  It  Is  a  nondomlnated  solution  of  (VP)  associated  with  V*  x  U*. 

Suppose  for  an  arbitrary  J  (J  -  1, ....  n),  (Xj,  yj)  Is  not  a  nondomlnated 
solution  of  (VP)  associated  with  V*  x  U*,  then  there  exist  (Xj,  yj)  e  T  and  X?  e  -  K* 

such  that 

(xj,  yj)  6  (X  5?  ,  Y  XJ  )  ♦  (-V*.  U")  (3) 

and 

(Xj, -yj)e(xj, -yj)+(V*,  U"),  (xj,  yj)*  (Xj,  yj),  j  -  I.  2 - ,n  (4) 

By  (3),  there  exist  €  V",  u^€  U*  such  that 

(Xj,  yj)  -  (X  XJ  ,  Y  XJ)  ♦  (-  v*.  A  (3  ) 

By  (4),  there  exist  v  ev",  u  eU*  such  that 

(Xj.  yj)  -  (Xj,  yj)  ♦  (A  -uJ),  (vj,  t? )  »■  0  (4  ) 

By  Theorem  5,  there  exists  X°  e  -k",  X°  *  0  such  that 

(x,  y)  -  (X  X°,  Y  XO)  (5) 


is  a  nondomlnated  solution  of  (VP). 

Multiplying  (4")  by  Xj°  and  summing  over  J,  wc  get 


namely, 


r 


Z  ijXjO 
J’l 

l  XjX j° 

J-l 

3 

n 

n 

I  yjXjQ 

Z  UjXjO 

il-'  > 

li"  J 

r  ~\ 

z  Aj° 

j*i 


1 1 

-z  Aj 
vl"  . 


r  n  ^ 

r 

fn 

Z  XjXjO 

XX0 

i  Af 

j-l 

n 

♦ 

n 

1 

M 

t a  i 

>* 

o 

-YX° 

z  A,° 

(j"  j 

^  J 

j-'  J 

(6: 


16 


By  (6),  (5)  and  assumption  (I),  we  have 


By  assumption  (II),  we  have 


I  Xn><XKo)l  c  -K" 
K'l  / 


I  X,KXK°,  I  X2kXko, 
K*  I  K*  I 


By  assumption  (I),  we  have 


I  vkXk°  e  V",  I  ukXk°  e  U' 
K* 1  K* I 
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so  we  get 


Since  X°  *  0,  then 


in  fact,  If 


e  T 


(8) 


by  (vl  ul)  *  0.  j*  I, . . . ,  n,  and  X°  *■  0,  without  loss  of  generality,  let  Xj  *  0  and 
J  r  0  Then  by  ( 1 0),  we  have 

I  v^Xj0  *  -  v^'Xj-o  *  0 
J'J 

Dy  assumption  (I),  we  get 

vJ'Xj  O  €  V"  (1  (-V*). 

a  contradiction. 

Dy  (7),  (8)  and  (9),  we  get  a  contradiction  to  (x,  y)  Is  a  nondominated  solution 
of  (VP)  associated  with  v"  x  u". 


Appendix 


Consider  the  following  pair  of  dual  programming  problems 

(P)f  min  cTx 

s.t.  Ax  -  b  e  K 


and 


(D) 


max  yTb 
s.t.  yTA-cT 
ye-K" 


where  A  is  an  mxn  matrix,  b  e  Em,  c  e  En,  Kc  Em  Is  a  closed  convex  cone  and 
Int  K  »■  0  (let  K°  -  Int  K). 


Let  (sec  [13],  [14]  and  [15]) 

R  =  [x:  Ax  -  b  e  K) 

l(K°,  z)  =  [z  -  az:  z  €  K°,  a  i  0},  z  c  K 

T(R,  x)  =  {z:  3  xK  €  R  and  aK  >  0,  such  that  lim  aK(xK  -  x)  -  z) 

k 

L(x)  =  {  z:  Az  e  I  (kX  Ax  -  b)  } 

L°(x)  =  Int  L(x) 

D(x)  =  {-Aly.  ye-K*,  yT(Ax  -  b)  =  0} 

where  x  c  R. 


It  is  easy  to  establish  the  following  lemma: 

Lemma  I. 

(i)  l(K°,  z)  Is  an  open  convex  cone. 

(II)  L(x)  is  a  closed  convex  cone. 

(III)  D(x)  Is  a  convex  cone. 

Lemma  2.  l"(K°,z)-{y;  y  €  K*.  yTz  »  0). 

Proof:  Let  y  e  I  *(K°,  z),  then  for  arbitrary  z  €  K°  and  a  i  0  we  have 

yT(z  -  az)  s  0  ( »  ) 
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Let  a  -  0,  we  get 

yTz  i  0,  V  z  €  K°. 
namely,  y  e  (K0)*  *  K*. 

Since  z  e  K,  we  have  yTz  i  0.  By  (*),  we  get  yTz  1 0,  so  yTz  -  0. 
Therefore 

l*(K°,  z)  c  {y.  y  e  K*.  yTz  =  0). 

Let  ye{y:  yeK*.  yTz  =  0).  Then  for  arbitrary  z  e  K°,  a  i  0,  we  have 
yT(z  -  a  z) 


-  yrz-ayTz 


y  e  I "(K0,  z). 


Therefore 

{y:  y  e  K*\  yTz  -  0}  c  l*,(K«>.  z) 

O.E.D. 

Lemma  3. 

(I)  L(x )  -  D"(x). 

(II)  If  D(x)  Is  closed,  then  L*(x)  =  D(x). 

Proof: 

(l)  Let  z  e  D*(x),  then  for  an  arbitrary 

y  €  I  "(K°,  Ax  -  b)  -  (y:  y  €  K*.  yT(Ax  -  b)  =  0}, 
we  have  -AT(-y)  €  D(x),  hence 

(Az)Ty  =  zT(-AT(-y))  i  0. 

Therefore 


Az  e  ( I **(K°,  Ax  -  b))**  -  I  (K°,  Ax  -  b). 
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Namely, 

D*(x)  c  L(x). 

Now,  let  z  e  L(x),  l.e. 

Az  e  I  (K°,  Ax  -  b). 

Then  for  arbitrary  y  satsifylng 

ye-  K*,  yT(Ax  -  b)  =  0 

we  have 

zT(-ATy)  =  (Az)t  (-y)  s  0 

(Since  l*(K°,  Ax  -  b)  =  {y:  y  e  K*.  y!(Ax  -  b)  =  0),  so  -y  e  I  **(K°,  Ax  -  b).)  Since 
-A*y  c  D(x),  we  get  z  e  D*(x),  namely 
L(x)  c  D*(x). 

(ii)  Since  D(x)  Is  a  closed  convex  cone,  from  (i)  we  have 
L  *(x)  =  D"*(x)  =  D(x). 

Q.E.D 

Lemma  A.  T(R,  x)  c  L(x). 

Proof:  For  an  arbitrary  z  e  T(R,  x),  there  exist  xK  e  R  and  aK  >  0  such  that 
Urn  aK(xK  -  x)  =  z. 

K-»oo 

From  Axk  -  b  e  K  and  K°  *  0  we  know  that  there  exfsts  {yK  £}  c  K°  such  that 

Urn  yM  =  AxK  -  b. 

1-00 

Decause  yK-A  e  K°  and  aK  >  0  we  have 

aK(yK'A  -  (AxK  -  b))  e  I  (K°,  Ax  -  b). 

Let  £  -  «,  we  get 

aK(AxK  -  b)  -  aK(Ax  -  b)  €  l(K°,  Ax  -  b). 


21 


Thus 

Aa^xK  -  x)  €  l(K°,  Ax  -  b). 

Let  K  -  oo,  we  have 

Az  €  l(K^  Ax  -  b), 

namely 

T(R,  x)  c  L(x) 

0  ED 

Lemma  5.  L°(x)  c  T(R,  x). 

Proof:  Since  K°  *  0,  It  Is  easy  to  show  that 

L°(x)  »  {Z:  AZ  C  l(K°,  Ax  -  b)}. 

For  an  arbitrary  z  c  L°(x),  there  exist  u  c  K°,  a  z  0  such  that 
Az  ’  u  -  a(Ax  -  b). 

Case  (I),  a  =  0.  For  an  arbitrary  pi  0,  we  have 
A(x  ♦  pz)  -  b 
=  (Ax  -  b)  ♦  pAz 

=  (Ax  -  b)  ♦  pu  e  K  (because  x  €  R  and  u  c  K°) 

Take  (pK)  satisfying 

Pi  >  p2  >  >0,  llm  pK  =  0. 

K-*«> 


Let 


xK  =  x  ♦  PKz.  %  =  1  Pk  < 


we  have  xK  e  R,  llm  xK  =  x,  aK  >  0  and 

K-»oo 


Therefore 


z  =  ctuTxK  -  x). 


z  e  T(R,  x). 
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Case  (II),  a  >  0.  For  an  arbitrary  p  e  [0,  I  /  a]  we  have 
A(x  ♦  pz)  -  b 
=  Ax  -  b  +  pAz 

-  (Ax  -  b)  ♦  p(u  -  a(Ax  -  b)) 

*  ( 1  -  ap)(Ax  -  b)  ♦  pu  e  K  (because  x  e  R,  u  e  K°). 
Take  {pK}  satisfying  l  /  a  i  p,  >  p2  >  . .  .  >  0,  Itm  pK  =  0. 

K-oo 

Let 

xK  =  x  ♦  pKz,  aK  =  I  pK 

Wc  have  xK  c  R,  aK  >  0,  llm  xK  =  x  and  z  *  aK(xK  -  x) 

K 


Therefore 

z  c  T(R,  x). 


Q  E  D 

Theorem  I  (Weak  Duality  Theorem)  Let  x  be  a  feasible  solution  of  (P),  y  be  a 
feasible  solution  of  (D)  Then 
cTx  i  yTb 

Proof.  Since  Ax  -  b  e  K,  there  exists  ucK  such  that  Ax  -  b  -  u,  hence 
c'  x  * yl  Ax 
-  y '(b+u) 
i  yTb 


Lemma  6.  Let  x  €  R  be  an  optimal  solution  of  (P).  Then 


QE  D 


-c  e  T*(R,  x) 

Proof  it  Is  only  necessary  to  show 

c'ziO,  for  V  z  c  T(R,  x). 

Now  for  an  arbitrary  z  €  T(R,  x),  there  exist  (xK)  c  R,  aK  >  0  and  lim  xK  -  x 

K  *o« 
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such  that 


llm  aK-(xK  -  x)  =  z. 


Since  x  Is  an  optimal  solution  of  (P),  we  have 


cT  aK(xK  -  x)  =  aK(cTxK  -  cTx)  i  0. 


Let  k-°°,  we  have 


crz)0. 


Q.E  D 


Lemma  7.  Let  x  e  R  be  an  optimal  solution  of  (P)  and  let  D(x)  be  a  closed  set.  Then 


-c  c  D(x) 


Pr  oof  From  Lemma  3,  Lemma  4  and  Lemma  5  we  get 


L°(x)  c  T(R,  x)  c  L(x)  -  D*(x ), 


hence 


l“(x)  -  (L°(x))*  D  T*(R,  x)  D  L"(x)  -  D**(x)  *  D(x) 


L*(x)  =  T”(R.  x)  =  D(x). 


From  Lemma  6,  we  get 


-c  c  D(x). 


Q.E.D 


Theorenri  2.  (Dual  Theorem)  Let  x  e  R  be  an  optimal  solution  of  (P)  and  let  D(x)  be 


a  closed  set.  Then  (D)  has  an  optimal  solution  y,  and  c 1  x  =  y 1  b. 


Proof.  Dy  Lemma  6,  we  have 


-c  e  D(x). 


Namely,  there  exists  y  e  Em  such  that 


y  €  -  K  , 


yT(Ax  -  b)  =  0, 
-c  -  -  ATy. 
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Therefore 


Ax  -  b  e  K, 

^  yTA  -  cT  =  0,  y  €  -  K 


and 


cTx  -  yTAx  =  yT  b. 

By  Theorem  I,  y  Is  an  optimal  solution  of  (D),  and 
cTx  =  yTb. 

Q.E.D. 

Note.  Take  K  -  E*.™  (namely,  (P)  and  (D)  are  linear  programming  problems).  Let 
l  -  {I:  a,x  =  b,.  I  i  I  s  m), 

then 

D(x)  H 


I  yja|T.  yf  2  0,  I  e  il  , 
lei  ; 


where 


A  -  (a |  a2,. .  am),  b  =  Cb j ,  b2,  •  •  bm) 
It  is  easy  to  show  that  D(x)  Is  a  closed  set. 


Let  us  consider  the  following  pair  of  dual  programs: 
rmin  (wTXj0  -  pTyJO) 


(P)< 


s.t.  w]X  -  pTY  €  K 
w-teV 
\1  ~  t  €  U 


and 


r 


max  (tTs~  +  rTs+) 

( 5)  ^  s.t.  XX  -  Xj0  +  s'  =  0 

-Y  ♦  yJO  -  s+  =  0 

X  €  -  K*,  S'  €  -  V",  S+  €  -  U*. 
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Let  (X°,  s0',  s0*)  be  a  feasible  solution  of  (D)  and 


D  (X°,  s°",  s0*)  =< 


P  W  -  YTp  ♦  y, 

w  *y2 

M  +  y  3 


y,  €  K,  y2e  V,  y3  e  U 
.  y,TX°  *  y2Ts°*  -  y3Ts°*  -  oV 


Assumption  (A):  D(X°,  s0',  s0*)  Is  a  closed  set. 

Theorem  3  Let  (X°,  s°",  s0*)  be  an  optimal  solution  of  (D)  and  let  Assumption  (A)  hold 
Then  (P)  has  an  optimal  solution  (w°,  p°),  and 
w°rXj0  "  Poryjo  =  tTs°*  ♦  tTs°*. 

Proof  Since  the  dual  of  (D)  Is  (P),  and  Assumption  (A)  holds.  Dy  Theorem  2,  we  can 
get  the  results. 


QE  D 


and 


Now  let  us  consider  the  following  pair  of  dual  programs 
rmin  (wfXj0  -  pTyj0) 

s.t.  wTX-pTVeK 
(  P )  J  w  -  v  e  V 

p  -  u  <=  U 
tTv  ♦  rTu  =  I 
^  v  e  V,  u  €  U 


r 


(D)  ■< 


V 


max  z 

s.t.  XX  -  Xj0  ♦  s“  =  0 

~yx  +  yj0  +  s+  =  o 

Zt  -  S"  €  v" 

Zt  -  s+  €  U* 

Xe-K*..  s'€-v",  S*  €  -  U* 


Let  (A0,  $0',  s°*.  z°)  be  a  feasible  solution  of  (6)  and 


6  (Ao,  so-,  s°*,  zo)  =< 


XTw  -  YTp  ♦  y^ 
w  -  v  ♦  y2 
p  -  u ♦  y3 
tTv  ♦  tTu 


V. 

Assumption  (D):  D(A°,  s°",  s°*,  z°)  Is  a  closed  set. 


v  e  -V,  u  e  -  U 
y,  €  K,  y2e  V,  y3eU 
vT(z°t  -  s°")  =  0 

uT(s°t  -  s0*)  =  0 

y)TA0  =  y2Ts°~  *  y3Ts°*  =  0^ 


Theorem  4  Let  (A0,  s0',  s0*,  z°)  be  an  optimal  solution  of  (D),  and  let  Assumption  (B) 

hold.  Then  (P)  has  an  optimal  solution  (w®,  p°,  v°,  u°)  and 
w°fxJO  -  poTyJO  =  zo. 


Proof  It  is  similar  to  the  proof  of  Theorem  3. 
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